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ABSTRACT: Colloidal self-assembly is a promising bot-
tom-up route to a wide variety of three-dimensional
structures, from clusters to crystals. Programming hier-
archical self-assembly of colloidal building blocks, which
can give rise to structures ordered at multiple levels to rival
biological complexity, poses a multiscale design problem.
Here we explore a generic design principle that exploits a
hierarchy of interaction strengths and employ this design
principle in computer simulations to demonstrate the
hierarchical self-assembly of triblock patchy colloidal
particles into two distinct colloidal crystals. We obtain
cubic diamond and body-centered cubic crystals via distinct
clusters of uniform size and shape, namely, tetrahedra and octahedra, respectively. Such a conceptual design framework has
the potential to reliably encode hierarchical self-assembly of colloidal particles into a high level of sophistication. Moreover,
the design framework underpins a bottom-up route to cubic diamond colloidal crystals, which have remained elusive
despite being much sought after for their attractive photonic applications.
KEYWORDS: colloidal self-assembly, hierarchical self-assembly, patchy particles, colloidal molecules, colloidal crystals,
cubic diamond lattice
The scope for tuning the interactions between colloidalparticles oﬀers enormous opportunity to program theirself-assembly.1−3 In particular, hierarchical self-assem-
bly of colloidal particles, which is currently at an early stage of
exploration,4−10 oﬀers a bottom-up route to an increased level
of structural complexity. However, programming hierarchical
self-assembly faces a major challenge in bridging hierarchies of
multiple length- and time-scales associated with structure and
dynamics, respectively, along the self-assembly pathways.11
While hierarchical self-assembly of colloidal particles via small
colloidal clusters mimicking the symmetry of molecular
structures, i.e., the so-called “colloidal molecules”,11−14 could
be a plausible route to structural hierarchy, hierarchical schemes
for programmed colloidal self-assembly have been elusive.4,5
Another major challenge that such a route faces is to assemble
the colloidal molecules in a self-limiting way for them to serve
as uniform secondary building blocks for the next level of
assembly.15,16
A recent study examined the kinetic accessibility of a series of
hollow spherical structures with a two-level structural hierarchy
self-assembled from charge-stabilized colloidal magnetic par-
ticles.17 The study reports that for a staged assembly pathway,
the structure, which derives the strongest energetic stability
from the ﬁrst stage of assembly and the weakest from the
second stage, is most kinetically accessible. In this context, we
explored a route that exploits a hierarchy of interaction
strengths to encode structural hierarchy.16,18 In the present
study, we realized a hierarchy of interaction strengths with
triblock patchy colloidal particles. Our designer patchy particles
are spherical in shape, having two distinct attractive patches, A
and B, at the poles across a charged band in the middle. Such
triblock spherical particles were recently synthesized at the
micrometer scale and shown to undergo staged assembly
triggered by stepwise change of the ionic strength of the
medium.5 However, the assembly at the ﬁrst stage produced a
distribution of cluster sizes, including tetramers and hexamers,
posing serious limitations to the formation of colloidal crystals
in the next stage.5
The formation of uniform tetrahedral clusters in a self-
limiting way could underpin a bottom-up route to the much
sough-after cubic diamond lattice. Despite being an attractive
target for programmed colloidal self-assembly, cubic diamond
colloidal crystals, which have potential applications as a three-
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dimensional complete photonic band gap material,19,20 have
proved remarkably diﬃcult to realize via self-assembly. A
number of strategies have been explored so far.21−27 One
strategy exploited an interplay between a long-range repulsion
and a short-range attraction, both isotropic in nature, at the
nanoscale to stabilize a diamond-like open lattice for two
oppositely charged nanoparticles.22 An alternative strategy
prescribes the use of anisotropic interactions realized through
patchy colloidal particles decorated with four patches in
tetrahedral symmetry.21,24,25 This route faces the challenge of
resolving the competition from thermodynamically preferred
tetrahedral liquid or gel.24,25,28 In a related strategy, tetrahedral
DNA origami constructs were employed with two types of gold
nanoparticles coated with designer single-stranded DNA to
form a cubic diamond lattice.26 However, in this case the
spacing between the nanoparticles in the lattice was
considerably larger than the core diameter of the nanoparticles,
which could restrict its appeal as a photonic crystal.27 Another
distinct route to open structures, such as the cubic diamond
lattice, is to ﬁrst form a denser lattice with two compositionally
distinct species each forming a sublattice, one of which is the
cubic diamond lattice as in the case for the MgCu2 Laves
phase.23 The removal of the second sublattice selectively
produces the cubic diamond lattice as an open structure. This
route was followed in a recent work, which employed DNA-
mediated interactions to guide preassembled tetrahedral
colloidal clusters and spheres to form the MgCu2 Laves
phase.27
Here we employ a variety of computer simulation techniques
to program hierarchical self-assembly, exploiting a hierarchy of
interaction strengths. In particular, we demonstrate the
hierarchical self-assembly of triblock patchy particles into a
cubic diamond lattice via tetrahedral clusters, thus under-
pinning a strategy for its experimental realization. Additionally,
for a wider patch width and a longer patch−patch interaction
range, we show that these triblock patchy particles self-assemble
into a body-centered cubic crystal with a two-level structural
hierarchy via octahedral clusters, thus lending generality to this
design principle.
RESULTS AND DISCUSSION
In the present study, we used a hierarchy of patch−patch
interactions, ϵAA > ϵAB > ϵBB, where ϵij is the depth of the
potential due to the patch i−patch j interaction when the
patches face each other, together with screened electrostatic
repulsion between the middle bands. See Methods and
Supporting Figure S1 for further details on the interactions
between the designer patchy particles that we considered here
as well as the computational methods we employed. Figure 1
shows the most stable structures for certain size-selected
clusters on the respective potential energy surfaces for two sets
of potential parameters: (1) ϵAA = 5, ϵBB = 1, α = 80°, β = 40°, s
= 5, and κ = 100; (2) ϵAA = 5, ϵBB = 1, α = 85°, β = 40°, s = 1,
and κ = 100. For both parameter sets, a remarkable two-level
structural hierarchy is on display via distinct colloidal molecules
at the intermediate level in the form of tetrahedra and
octahedra, respectively. The parameter space that supports such
striking structural hierarchy was determined by the method of
basin-hopping global optimization,29,30 which we employed to
ﬁnd the global minima on the potential energy surface for size-
selected clusters. While the key to the observed structural
hierarchy is the hierarchy of patch−patch interaction strengths,
the morphology of the colloidal molecules, which essentially
serve as the secondary building blocks, is governed by the width
of the stronger patch and the range of the patch−patch
interactions. A longer range for the patch−patch interactions,
indicated by a smaller value of the parameter s (see Supporting
Figure S1), and a slightly larger width for the stronger patch
favor increased coordination, resulting in the formation of
larger clusters at the intermediate level. The closed-loop
structure formed with the tetrahedral clusters, as shown in
Figure 1, resembles a six-membered ring in terms of the
secondary building blocks in the so-called “chair” form. The
“boat” form was also found with negligible diﬀerence in
potential energy (see Supporting Figure S2). The formation of
such ring structures suggested the appealing prospect of
hierarchical self-assembly of the patchy particles into open
Figure 1. Most stable structures for size-selected clusters of triblock
patchy particles under consideration for two sets of model
parameters. The set of model parameters includes ϵAA, ϵBB, α, β,
s, and κ, where ϵij is the depth of the potential due to the patch i−
patch j interaction when the two patches face each other, α and β
are the half-opening angles for patch A and patch B, respectively, κ
is the inverse Debye length, and the parameter s controls the range
of the patch−patch interactions. (a) For one set, ϵAA = 5, ϵBB = 1, α
= 80°, β = 40°, κ = 100, and s = 5, a ring-like structure is formed for
N = 24 with tetrahedral subunits (top). For the other set, ϵAA = 5,
ϵBB = 1, α = 85°, β = 40°, κ = 100, and s = 1, octahedral subunits
appear in a structure of 4-fold symmetry for N = 48 (bottom). (b)
Ring structure in a reduced representation, showing spheres with
tetrahedral patches centered at the geometric centers of the
tetrahedral subunits and having the same orientations. (c)
Structure with 4-fold symmetry in a reduced representation,
showing spheres with octahedral patches centered at the geometric
centers of the octahedral subunits and having the same
orientations.
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lattices with local tetrahedral order,31 especially diamond
crystals.21,25,27,32
In the context of the promising results obtained in global
optimization runs for size-selected clusters, it was imperative
that the assembly of these patchy particles be studied in
periodic systems, while gradually decreasing the reduced
temperature T*. In the following, we present our results
obtained from two series of virtual-move Monte Carlo
(VMMC) simulations of N = 500 patchy particles in periodic
systems at two diﬀerent volume fractions, one for each set of
potential parameters, to unambiguously validate our design
principle. In Figure 2, we show the results for the ﬁrst set of
potential parameters at the volume fraction ϕ = 0.2. Visual
inspection revealed the formation of tetrahedral clusters via
patch A−patch A interactions. We identiﬁed these tetrahedral
clusters by means of a local order parameter q.33 As T* was
gradually lowered, concomitant with the drop in the average
potential energy per particle, we observed a growth in the
number of tetrahedral clusters NTd as shown in Figure 2a. It is
remarkable that the tetrahedral clusters were eventually formed
in nearly 100% yield; such a self-limited assembly producing
clusters of uniform size and shape is a crucial step for
hierarchical self-assembly.15 Figure 2a also shows that the
average energy per particle, V/(NϵY), rather gradually decreases
with the growth in NTd through an intermediate range of values
for T* before showing a small discontinuity at a lower value of
T*. This discontinuous change was an indication for a
structural transition taking place.
We calculated the pair distribution function, which is shown
in Figure 2b at certain representative temperatures, in order to
characterize this structural transition. At T* = 0.09, long-range
correlations develop, indicating the emergence of a long-range
order, which becomes more pronounced as T* is further
lowered. A snapshot of a typical conﬁguration at T* = 0.05,
shown in Figure 2c, reveals crystalline order, which is also
evident in Figure 3a, where we use a reduced representation for
clarity. In this reduced representation, we replace the
tetrahedral clusters formed at the ﬁrst level of assembly with
spheres having four patches arranged tetrahedrally, their
geometric centers coinciding and their orientations kept
identical. The second level of assembly was driven by the
weaker patch B−patch B interactions. The smaller patch width
of patch B resulted in fewer “bonds” formed via these
interactions; each patch B in fact formed only one bond with
another patch B. Since the range of patch−patch interactions
was taken to be identical for both patches A and B, the second
level of assembly also resulted in a particularly pronounced ﬁrst
peak in the pair distribution function, which continued to
become stronger with the enhancement of the crystalline order
below T* = 0.09.
In Figure 3b, we show the pair distribution function
calculated with the geometric centers of the tetrahedral clusters,
present in nearly 100% yield, at certain representative values of
T* along with the pair distribution function for a perfect cubic
diamond lattice. Supporting Figure S3 shows a perfect cubic
diamond lattice, which can be viewed as a face-centered cubic
lattice with half of its tetrahedral sites occupied, in our reduced
representation. It is evident that the peaks are centered around
those characteristic of a perfect cubic diamond crystal (relative
heights not shown) for an appropriately adjusted unit cell
length. The probability distribution of the complex conjugate
scalar product between the local bond order parameters of two
neighboring particles i and j, q3(i)·q3*(j), is shown in Figure 3c.
The distribution with a peak around −1 is characteristic of a
cubic diamond crystal as opposed to a hexagonal diamond
crystal, which, in addition, has a characteristic peak around
−0.115.25
We now present the results for the second parameter set at
the volume fraction ϕ = 0.3, for which our global optimization
runs identiﬁed the global minimum with repeating octahedral
units for the N = 48 cluster as shown in Figure 1. Figure 4a
shows that the average energy per particle gradually falls with
the drop of T* as the patchy particles form bonds via the
stronger and wider patches, resulting in the formation of
discrete octahedral clusters. We characterized the octahedral
clusters by means of the local order parameter q.34 The number
Figure 2. Two-level structural hierarchy via tetrahedra emerging
from the hierarchical self-assembly of patchy triblock colloidal
particles. (a) Average potential energy per particle in the reduced
unit, V/(NϵY), and the number of tetrahedral clusters formed, NTd,
shown on two diﬀerent scales, as a function of the reduced
temperature T* for an N = 500 particle system at the volume
fraction ϕ = 0.2. (b) Pair distribution function g(r) for the patchy
particles at four diﬀerent reduced temperatures. (c) Snapshot of a
typical conﬁguration at T* = 0.05, illustrating a two-level structural
hierarchy into a colloidal crystal via tetrahedra.
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of octahedral clusters in the system gradually grows, and
eventually the system eﬀectively consists of octahedral clusters
formed again in nearly 100% yield. The pair distribution
function for the patchy particles reveals the emergence of long-
range correlations at T* = 0.2, implying a second level of
assembly of octahedral clusters via the interaction of the weaker
and narrower patches (Figure 4b). This is conﬁrmed by visual
inspection. A typical low-temperature conﬁguration is shown in
two diﬀerent representations (Figure 4c and Figure 5a), which
suggest that the octahedral clusters behave as the secondary
building blocks for the second level of assembly.
We calculated the pair distribution function for the geometric
centers of the octahedral clusters, present in nearly 100% yield,
at low values of T*. In this analysis, we also observed an
emergence of long-range correlations at T* = 0.2 (Figure 5b).
At this value of T*, the peaks are centered around those
characteristic of a perfect body-centered cubic (bcc) crystal
(relative heights not shown) for an appropriately adjusted unit
cell length. This observation implies the formation of a bcc
crystal by the octahedral clusters at the second level of
assembly. This was conﬁrmed by our analysis in terms of the
local bond-orientational order parameters ql̅(i) for l = 4 and 6.
We considered the distributions of q4̅ and q6̅ calculated for
individual centers of octahedral clusters.35 The distributions,
shown in Figure 5c, are consistent with those of a bcc crystal,
Figure 3. Hierarchical self-assembly of patchy triblock colloidal
particles into a cubic diamond crystal via tetrahedral clusters. (a)
Snapshot of a typical conﬁguration at T* = 0.05 in a reduced
representation showing a cubic diamond crystal formed by
tetrahedra. (b) Pair distribution function g(r) for the geometric
centers of the tetrahedral clusters for conﬁgurations at three
diﬀerent temperatures and for a conﬁguration corresponding to a
perfect cubic diamond crystal. (c) Probability distribution of the
complex conjugate scalar product between the local bond order
parameters of two neighboring particles i and j, q3(i)·q3*(j), for the
conﬁgurations at T* = 0.05. A peak around −1 is a characteristic of
a cubic diamond lattice.
Figure 4. Two-level structural hierarchy via octahedra emerging
from the hierarchical self-assembly of patchy triblock colloidal
particles. (a) Average potential energy per particle in the reduced
unit, V/(NϵY), and the number of octahedra formed, NOct, shown
on two diﬀerent scales, as a function of the reduced temperature T*
for an N = 500 particle system at the volume fraction ϕ = 0.3. (b)
Pair distribution function g(r) for the patchy particles at four
diﬀerent reduced temperatures. (c) Snapshot of a typical
conﬁguration at T* = 0.05, illustrating a two-level structural
hierarchy into a colloidal crystal via octahedra.
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providing conﬁrmation to our analysis in terms of the pair
distribution function for the geometric centers of the octahedral
clusters. Given that the range of the patch−patch interactions is
relatively longer in this case corresponding to a smaller value of
the parameter s, such interactions are more likely to be
realizable with nanoscale building blocks. It is of interest to
note that nano-octahedra with short-range repulsive inter-
actions were found to self-assemble into a bcc crystal,36 and so
do nearly perfect octahedra obtained via truncation of hard
tetrahedra at low densities.37
We thus exploited a hierarchy of interaction strengths to
encode a two-level structural hierarchy and employed gradual
temperature control to induce the self-assembly into colloidal
crystals with such structural hierarchy. It was then of interest to
explore whether a two-step temperature-control protocol would
suﬃce to result in the formation of such crystals. We indeed
observed that a two-step temperature-control protocol in
VMMC simulations led to the crystal formation, allowing for
the two-level assembly to take place, as shown in Figure 6. We
chose to reduce T* in the ﬁrst step to 0.2, where the tetrahedral
clusters were observed in ∼90% yield in the case of gradual
cooling (Figure 2a) and then to 0.09 in the second step. The
pair distribution function calculated with the geometric centers
of the tetrahedral clusters, shown in Figure 6a, highlights the
emergence of long-range order upon the second step of rapid
cooling, as also conﬁrmed by visual inspection (Figure 6c,d).
The probability distribution of the complex conjugate scalar
product q3(i)·q3*(j), shown in Figure 6b, conﬁrms a cubic
diamond structure. The success of this two-step temperature-
control protocol to induce the self-assembly of the cubic
diamond crystal with a two-level structural hierarchy led us to
exploit such a protocol to assess the robustness of the assembly
behavior over the parameter space, which is rather large. Some
systematic variation of the parameters around the ﬁrst set of
parameters in particular was undertaken because of special
interest in bottom-up realization of a cubic diamond colloidal
crystal. Given the span of the parameter space, this scan was not
exhaustive. Our results, summarized in Supporting Table S1 in
the Supporting Information (see also accompanying discus-
sion), nevertheless show that a reasonable spread of the
parameter space supports the two-level self-assembly behavior
into cubic diamond crystals via tetrahedral clusters.
It is remarkable that a cluster phase with uniform clusters is
observed for the systems considered here, unlike the
polydisperse clusters observed in the experimental study
reported in ref 5. This monodispersity is crucial for the cluster
phase to serve as the precursor for crystallization. The patch
size of the bigger patch A, expressed in terms of the half-
opening angle α, is a crucial design parameter along with the
range of the patch−patch interactions, governed by the
parameter s, to control the size and shape of the clusters
formed. For α = 80° instead of α = 85° with the remaining
parameters as in the second set including s = 1, we observed a
mixture of tetrahedral and octahedral clusters in bulk
simulations (see Supporting Figure S4). However, the global
optimization runs for a ﬁnite-size system of N = 48 particles
found the most stable structure to be consisting of only
octahedral repeat units for this set of parameters with α = 80°
and s = 1. For larger values of s ≥ 2, only tetrahedral clusters
were observed for ﬁnite systems in global optimization runs.
The triblock patchy particles that we considered here resemble
closely those synthesized by Chen et al. with asymmetric patch
sizes.5 We note here that the triblock patchy particles
synthesized had an A patch with α = 60° and a B patch with
β = 40° half-opening angle.5 Our results thus suggest that the
patch size of the wider patch was suboptimal for the ﬁrst stage
of the assembly to produce monodisperse clusters in this
experimental work. It is also plausible that the range of the
patch−patch interactions also had a role to play.
The experimentally synthesized particles involved screened
Coulomb interactions due to the charged middle bands and
short-ranged hydrophobic attractions between the patches.5 We
chose a hierarchy of interaction strengths for the distinct
patch−patch interactions to trigger staged assembly via
temperature control. For particles with a diameter of 1 μm,
the κ values used here amount to a range of values for the
Debye length, which is well within the experimentally accessible
Figure 5. Hierarchical self-assembly of patchy triblock colloidal
particles into a body-centered cubic crystal via octahedral clusters.
(a) Snapshot of a typical conﬁguration at T* = 0.05 in a reduced
representation showing a body-centered cubic crystal formed by
octahedra. (b) Pair distribution function g(r) for the geometric
centers of the octahedral clusters for conﬁgurations at three
diﬀerent temperatures and for a conﬁguration corresponding to a
perfect body-centered cubic crystal. (c) Probability distribution of
the local bond-orientational order parameters ql̅(i) for l = 4 and 6
for octahedral subunits for the conﬁgurations at T* = 0.05. The
distributions are characteristics of a body-centered cubic lattice.
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regime. Our bulk simulations also reveal that the ratio ϵAA/ϵBB
is crucial for the second level of assembly. For ϵAA = 5 and ϵBB =
2.5, we did not observe any crystalline order at lower values of
T* for either of the two sets of model parameters; instead we
observed disordered structures mostly with secondary building
blocks. This observation is in line with the ﬁndings reported in
ref 17. A weaker interaction strength drives the second level of
assembly eﬃciently via reversible bond formation, which allows
the kinetic traps due to wrong contacts to be negotiated
eﬀectively.
Chen et al. suggest that the triblock patchy particles
considered in their experimental work can nowadays be
synthesized with high ﬁdelity and monodispersity, including
fairly precise control on the patch sizes.5 The patch size was
uniform within an uncertainty of less than 5° for the triblock
patchy particles they synthesized.5 We therefore considered
Gaussian distributions for patch sizes, having mean values of
80° and 40° for patch A and patch B, respectively, and each
having a standard deviation of 5/3°, in order to allow for some
polydispersity. We followed the two-step temperature-quench
protocol with polydispersity in both patches, keeping the
remaining parameters of the ﬁrst set identical. Similarly, we
considered polydispersity in both patches corresponding to the
second set of parameters, i.e., with Gaussian distributions for
patch sizes, having mean values of 85° and 40° for patch A and
patch B, respectively, and each having a standard deviation of
5/3°. In both cases, a rapid cooling protocol (three steps in the
ﬁrst case and two steps in the second case) led to the
emergence of crystalline order similar to what we observed for
the monodisperse case (see Supporting Figure S5). Our results
therefore demonstrate that our bottom-up route to colloidal
crystals with a two-level structural hierarchy self-assembled
from triblock patchy particles shows some tolerance to
polydispersity in the patch sizes comparable to the state-of-
the-art fabrication.
In addition to VMMC simulations of N = 500 patchy triblock
colloidal particles, Brownian dynamics (BD) simulations of a
system of N = 864 particles were also undertaken. It was
necessary to carry out BD simulations in order to conclusively
determine whether the dynamical pathways involve stagewise
assembly. A pertinent question was whether a cluster-move
algorithm such as VMMC biased the system here to form
clusters in the ﬁrst instance based on energetics and thus
favored staged assembly. Although VMMC can be used to
approximate real dynamics for an appropriate choice of
parameters, here VMMC was implemented primarily for the
enhanced sampling from equilibrium distribution, achieved
through cluster moves. Figure 7 shows the results obtained
from the BD simulations. Figure 7a shows the number of
tetrahedra formed in the BD simulations upon cooling and also
compares the evolution of the average potential energy per
particle V/(NϵY) for BD and VMMC simulations, as a function
of T*. As previously stated, tetrahedral clusters were identiﬁed
using the local order parameter q. Here, tetrahedral clusters
were again formed in near 100% yield, crucial for the next stage
of self-assembly. Furthermore, the correspondence of the
average potential energy per particle, V/(NϵY), in both
simulation methods, except at very low T* values, is
noteworthy, implying an eﬀective sampling at thermal
equilibrium by both methods over most of the temperature
range. A gradual decrease in the average potential energy per
particle was observed for intermediate values of T* along with a
small discontinuity at lower values of T* in the BD simulations.
As with the VMMC simulations, the discontinuous change was
Figure 6. Self-assembly of triblock patchy particles into a cubic diamond crystal upon following a two-step temperature-control protocol. (a)
Pair distribution function g(r) for the geometric centers of the tetrahedral clusters at T* = 0.2 (black) and T* = 0.09 (blue). (b) Probability
distributions of the complex conjugate scalar product between the local bond order parameters of two neighboring particles i and j, q̃3(i)·
q̃3*(j), for the conﬁgurations at T* = 0.09. (c, d) Snapshots of a typical conﬁguration with long-range order at T* = 0.09, showing (c) the
triblock patchy particles and (d) a reduced representation for the tetrahedra formed at the ﬁrst level of assembly.
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an indicator for a structural change taking place. Figure 7b
shows a snapshot of a typical conﬁguration at T* = 0.05 for the
BD simulations. Although not as ordered as observed in
VMMC simulations (Figure 2c), a degree of crystalline order
within the N = 864 system can be discerned. This was
conﬁrmed upon calculation of the pair distribution function for
the geometric centers of the tetrahedral clusters, shown in
Figure 7c. In Figure 7c the pair distribution function obtained
from the BD simulations is also compared to that obtained
from the VMMC simulations. The emergence of long-range
order was also observed in BD simulations. In addition, the pair
distribution functions compare reasonably well and exhibit
peaks at positions characteristic of a cubic diamond lattice. Our
BD simulations thus unequivocally demonstrate hierarchical
self-assembly of triblock patchy particles into a cubic diamond
lattice.
CONCLUSION
In summary, we have explored a design rule that prescribes the
use of a hierarchy of interaction strengths to program
hierarchical self-assembly of colloidal building blocks and
demonstrated its generality in computer simulations, mostly
employing a sophisticated cluster-move Monte Carlo algorithm.
Such a generic design rule for hierarchical self-assembly can be
exploited to fabricate colloidal superstructures of great
complexity. In particular, we exploited the design principle,
realized with triblock patchy particles that closely resemble
those synthesized recently,5 to show hierarchical self-assembly
into a cubic diamond colloidal crystal and a body-centered
cubic colloidal crystal via tetrahedral and octahedral clusters,
respectively. The use of colloidal building blocks with only two
patches to form a cubic diamond colloidal crystal via a
hierarchical self-assembly scheme makes it a promising route
for the experimental realization of photonic crystals with a band
gap in the visible region in the foreseeable future. This route
relaxes the stringent requirement on the ﬁdelity of particle
synthesis associated with the fabrication of precisely tetrahedral
patches.38 In the presence of a hierarchy of interaction
strengths, the two-level self-assembly was triggered by gradually
lowering the temperature; our results further show that a two-
step temperature-control protocol could also be judiciously
employed. We also show that the design principle being
exploited here shows tolerance to polydispersity in the patch
sizes comparable to the state-of-the-art fabrication. Finally, we
present results from Brownian dynamics simulations, which
unequivocally demonstrate that the triblock patchy particles
undergo stagewise assembly into a cubic diamond lattice via
tetrahedral clusters. Such dynamical pathways oﬀer the
opportunity for investigating nonclassical pathways to colloidal
crystals with structural hierarchy.39
METHODS
Model. We employed the traditional one-component description
for the colloidal suspensions considered here with a pairwise eﬀective
potential.40 In this description, triblock patchy colloidal particles are
modeled as rigid bodies consisting of a spherical core decorated with
two distinct patches, A and B, located on opposing poles across a
charged middle band. The eﬀective potential has an isotropic
component in the form of the Yukawa potential describing screened
electrostatic repulsion and an anisotropic component, which describes
the directional interactions between patches. In our model, both
patches A and B are able to interact with themselves and one another.
Patches A and B diﬀer in terms of their surface coverage, characterized
by the angles α and β, which describe their half-patch widths,
respectively, and the strength of their patch−patch interactions. ϵij is
the depth of the potential due to the patch i−patch j interaction when
the two patches face each other. The eﬀective potential for a pair of
patchy particles V is given by
∑ ∑Ω Ω Ω Ω= +
∈ ′∈
′ ′r rV U r U w r( , , ) ( ) ( , , ) ( )ij i j ij
p i p j
pp ij i j pp ijY
(1)
where rij = rj − ri is the separation vector between triblock patchy
particles i and j, ri is the position vector for the geometric center of the
patchy particle i, and rij is the magnitude of the vector rij. Ωi and Ωj
describe the orientations of particles i and j, respectively. The isotropic
component UY is the repulsive Yukawa potential:
Figure 7. Two-level hierarchical self-assembly of triblock patchy
particles observed in Brownian dynamics simulations. (a) Average
potential energy per particle in the reduced unit, V/(NϵY), and the
number of tetrahedral clusters, NTd, on two diﬀerent scales, as a
function of the reduced temperature T*, for an N = 864 particle
system at a volume fraction of ϕ = 0.2. (b) Snapshot of a typical
conﬁguration at T* = 0.05, displaying two-level structural
hierarchy. (c) Pair distribution function g(r) for the geometric
centers of tetrahedral clusters at T* = 0.05.
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where κ is the inverse Debye screening length and ϵY is the Yukawa
contact potential.
The angular dependence of the patch−patch interaction is
described by Upp′:
41
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The depth of the patch−patch interaction is given by ϵpp′. Here pi is a
normalized vector from the center of the spherical particle i in the
direction of the patch p on it, which depends on Ωi, and cos θijpi is the
scalar product of the normalized vector rîj with pi. The width of the
patch is controlled by the parameter cos δ, where δ is the half-opening
angle.
The distance dependence of the patch−patch interaction is
governed by the function wpp′:
λ
π λ λ
λ
=
− − <
− + − ≤ − ≤
− >
′
−
−
⎧
⎨
⎪⎪
⎩
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w r
r
r s r s
r s
( )
1, if ( ) 0,
1
2
[1 cos( ( ) )], if 0 ( ) ,
0, if ( )
pp ij
ij
ij ij
ij
1
1
(5)
where λ is the largest separation at which the patch p−patch p′
attraction is at its strongest and the parameter s controls the range over
which this attraction decreases to zero. In the present study, λ was set
to 1.01σ. We used reduced units: the length in the units of σ, the
energy in the units of ϵY, and the temperature in the units of ϵY/kB. In
the absence of a hard core σ provides an estimate for the size of the
charge-stabilized patchy particles. We set ϵ = ϵ ϵAB AA BB .
Structure Prediction for Clusters. We employed the basin-hopping
global optimization method,29,30 as implemented in GlOSP, a program
for Global Optimization for Structure Prediction developed in-house,
to identify the global minima on the potential energy surface for size-
selected clusters. The global minima are the candidates for
thermodynamically favored structures observed under experimental
conditions especially at low temperatures. The basin-hopping
algorithm can be viewed as Monte Carlo plus minimization.29 An
angle-axis representation was used for rigid-body rotational
coordinates.42 The limited-memory Broyden−Fletcher−Goldfarb−
Shanno algorithm was used for local minimization with analytic ﬁrst
derivatives of the potential energy.43 For each set of potential
parameters, we carried out ﬁve independent runs, starting from ﬁve
random initial conﬁgurations. The runs consisted of 5 × 106 basin-
hopping steps for the ﬁrst set of parameters and 5 × 105 steps for the
second one.
Monte Carlo Simulations. A series of virtual-move Monte Carlo
simulations were performed in the canonical ensemble with N = 500
triblock patchy particles. The simulations were carried out in a cubic
box under periodic boundary conditions using the minimum image
convention. We employed the symmetrized version of the VMMC
algorithm,44,45 as implemented in PaSSion, a Package for Soft Matter
Simulation developed in-house, following a recent prescription.46 The
orientational degrees of freedom were represented by quaternions.
Each VMMC cycle consisted of N translation or collective rotational
cluster moves, chosen at random with equal probability. The
maximum step size for both the translational and collective rotational
cluster moves was ﬁxed, taken as δ = 0.1 in the reduced unit and θmax =
0.1, respectively. The potential energy was calculated using a spherical
cutoﬀ of radii 1.3 and 2.1 for the sets of potential parameters with s = 5
and 1, respectively. A neighbor list was used for eﬃciency. The systems
were equilibrated from an initial face-centered lattice at T* = 1, and T*
was gradually reduced. At each T* value studied, at least 1 × 106
VMMC cycles were used for equilibration, which was followed by a
production stage consisting of 5 × 105 cycles for high values of T* and
1.5 × 106 cycles for lower values of T*.
Brownian Dynamics Simulations. A series of Brownian dynamics
simulations were also carried out with N = 864 triblock patchy
particles. A cubic box was used with periodic boundary conditions
using the minimum image convention. The Brownian dynamics
simulations were performed in the overdamped limit following an
algorithm for spherical particles with orientational degrees of freedom
represented by a unit vector,47 ignoring hydrodynamic correlations
and translation−rotation coupling. We used appropriate Stokes laws
with sticky boundary conditions for the translational and rotational
diﬀusion coeﬃcients at inﬁnite dilution. For BD simulations, the time
was expressed in units of σ2/D0
t , where D0
t is the translational diﬀusion
coeﬃcient at inﬁnite dilution. The system was equilibrated from an
initial face-centered lattice at T* = 1, and T* was gradually reduced. At
each value of T* studied, a minimum of 1 × 107 steps, going up to 4.35
× 109 at certain low temperatures, were used for equilibration,
followed by a production stage of at least 1 × 107 steps. Below a
reduced temperature of T* = 0.10 a time step of Δt = 5 × 10−6 in the
reduced unit was used; for all other values of T*, a time step of Δt =
10−6 in the reduced unit was used.
Bond-Orientational Order Parameters. We calculated various local
bond-orientational order parameters based on spherical harmonics as
diagnostics for crystal structures.48,49 In this analysis, a complex vector
ql(i), having 2l + 1 components, is assigned to each particle i. The mth
unnormalized component of ql(i) is deﬁned as
∑= ̂
=
rq i
N i
Y( )
1
( )
( )lm
j
N i
lm ij
b 1
( )b
(6)
where Nb(i) is the number of neighbors of particle i located within a
distance corresponding to the location of the ﬁrst peak of the radial
distribution function and Ylm(rîj) ≡ Ylm(θij, ϕij) are the spherical
harmonics corresponding to the polar and azimuthal angles, θij and ϕij,
respectively, of the bond rij between i and its neighbor j.
We calculated the following averaged local bond-orientational order
parameters:35
∑π̅ = + | ̅ |=−
+
q i
l
q i( )
4
2 1
( )l
m l
l
lm
2
(7)
where
∑̅ = ̃
=
͠
q i
N i
q k( )
1
( )
( )lm
k
N i
lm
b 0
( )b
(8)
Here, by summing over k = 0 to Ñb(i) when calculating ql̅m(i), we take
into account all of the neighbors of particle i as well as the particle i
itself. This averaging process, which considers both the ﬁrst and the
second shell around a particle, was shown to considerably improve the
accuracy in distinguishing among crystal structures.35
In order to speciﬁcally distinguish between the cubic diamond
(DC) crystal and hexagonal diamond (DH) crystal, we calculated the
complex conjugate scalar product q̃3(i)·q̃3*(j).
21,25 For every particle i
its four nearest neighbors were considered to deﬁne the normalized
seven-component complex vector q̃3(i) with components
̃ =
∑ | |=−⎡⎣ ⎤⎦
q i
q i
q i
( )
( )
( )
m
m
m m
3
3
3
3
3
2 1/2
(9)
When the probability distribution of the complex conjugate scalar
product q̃3(i)·q̃3*(j) is plotted for these two crystals, in their perfect
forms both show a peak at −1, but the presence of a peak around
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−0.115 is a signature of the hexagonal diamond crystal.25 In the perfect
DC crystal all four neighbors j of each particle i are arranged such that
q̃3(i)·q̃3*(j) = −1, where as for the perfect DH crystal each particle i has
three neighbors for which q̃3(i)·q̃3*(j) = −1 and one such that q̃3(i)·
q̃3*(j) = −0.115.
25
Orientational Order Parameters. We ﬁrst identiﬁed clusters of
four or six particles in order to determine the number of tetrahedra or
octahedra formed in the respective system. The cluster identiﬁcation
was carried out using a threshold value for the distance between
centers of patch A on two neighboring particles, below which the
particles were taken to belong to the same cluster. While examining a
cluster of four or six particles in order to assess whether the particles
have a tetrahedral or an octahedral arrangement, we employed the
following orientational order parameter q:33,50
∑ ∑ ψ= − +
=
−
= +
⎜ ⎟⎛⎝
⎞
⎠q 1
3
8
cos
1
3j
N
k j
N
jk
1
1
1
2b b
(10)
where Nb is the number of particles in the cluster under consideration
and ψjk is the angle subtended at the center of the cluster by the two
vectors joining the center to particles j and k. In the case of a perfect
tetrahedron q = 1 with Nb = 4; for a perfect octahedron q = 0 with Nb
= 6.34 We used threshold values to identify a cluster as a tetrahedron
or an octahedron.
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